We give some new Wilf equivalences for signed patterns which allow the complete classification of signed patterns of lengths three and four. The problem is considered for pattern avoidance by general as well as involutive signed permutations.
subsequences. Whereas many equivalences can be simply put down to symmetries within the symmetric and hyperoctahedral groups, detecting and proving all Wilf equivalences in S k or B k is a difficult task which requires a more subtle approach. Over a period of 20 years, the classification of permutation patterns up to length 7 has been successfully completed. The bijection between S n (123) and S n (132) given by Simion and Schmidt [8] initiated this; it showed the whole of S 3 to be one Wilf class. The classification of S 4 turned out to be considerably more complicated and was done by West and Stankova in the series of papers [12] , [9] , [10] . Using a stronger equivalence relation, Babson and West [1] showed that the patterns (k − 1)kτ and k(k − 1)τ for any τ ∈ S k−2 and (k−2)(k−1)kτ and k(k−1)(k−2)τ for any τ ∈ S k−3 are equally restrictive which provides the classification of S 5 . However, the generalization (k−l+1)(k−l+2) . . . kτ ∼ k(k−1) . . . (k−l+1)τ for any τ ∈ S k−l given by Backelin, West, and Xin [2] was not sufficient to classify S 6 completely. The last open case was settled by the equivalence of (k − 1)(k − 2)kτ and (k − 2)k(k − 1)τ , shown in Stankova and West [11] . With that it was even possible to complete the classification of patterns of length 7 which is the current limit. Analogous investigations for pattern avoidance by involutive permutations were conducted in Guibert [5] , Jaggard [6] and Bousquet-Mélou and Steingrímsson [3] .
In this paper the classification problem is completed for signed patterns of length at most 4. Simion [7] proved that all elements of B 2 are Wilf equivalent to each other if pattern avoidance by all signed permutations is considered. For signed involutions, B 2 falls into two Wilf classes, see [4] . We determine the Wilf classes for three and four letter signed patterns both regarding avoidance by general and involutive signed permutations.
Wilf equivalences for signed patterns
Before enumerating signed pattern-avoiding permutations, we shall study the equivalences between signed patterns. This will decrease considerably the number of patterns that need individual attention. There are many trivial equivalences based on symmetries. For a signed permutation π = π 1 π 2 . . . π n , we define its reverse as the permutation π n π n−1 . . . π 1 and its complement as the permutation whose ith element is n + 1 − π i if π i is positive and −(n + 1) − π i otherwise. It is obvious that two signed patterns are Wilf equivalent if one of them can be transformed into the other by a sequence of reverse, complement or barring operations. (Note that the symmetry group is smaller if we consider the problem in the set of signed involutions. The group is then generated by the barring operation and the composition of reverse and complement operations.) Furthermore, every pattern is obviously Wilf equivalent to its inverse since τ is avoided by π if and only if τ −1 is avoided by π −1 .
In this section we will give some nontrivial equivalences which are the key to the complete classification of short signed patterns. Our bijective proofs use essentially the properties of right-to-left maxima of permutations. The idea to consider these special elements is based on the classical bijection given by [8] for patterns of length three. An element π i of a word π is called a right-to-left maximum if it is greater than all elements that follow it, i.e. π i > π j for all j > i. We define successively the r-right-to-left maxima for a signed permutation π ∈ B n . Let π (1) be the subword consisting of all unbarred elements of π. For r ≥ 1, the right-to-left maxima of π (r) are called r-right-to-left maxima of π where π (r+1) is the subword obtained from π (r) by removing all r-right-to-left maxima. For example, the signed permutation π = 25 6 3 108 4 1 79 ∈ B 10 has the 1-right-to-left maxima 10 and 7; the 2-right-to-left maxima 6, 4, and 1; the 3-right-to-left maximum 3; and the 4-rightto-left maximum 2. Note that the r-right-to-left maxima of π form a decreasing subsequence for each r. Furthermore, each r-right-to-left maximum a is the initial term of an increasing subsequence of unbarred elements in π of length r, and there is no increasing subsequence of unbarred elements of length r + 1 which starts with a.
Our first result states that barring the prefix of an increasing pattern yields an equivalence. Theorem 2.1. For any pattern τ ∈ B l and k ≥ l, we have τ (l + 1)(l + 2) . . . k ∼τ (l + 1)(l + 2) . . . k.
Moreover, the patterns are also equivalent if we consider their avoidance by signed involutions.
Proof. We construct a bijection Φ k−l from the set of all τ (l + 1)(l + 2) . . . k-avoiding permutations in B n to the set of allτ (l + 1)(l + 2) . . . k-avoiding permutations in B n which preserves all (k − l)-right-to-left maxima. In addition, Φ k−l maps involutions to involutions again. Given a signed permutation π ∈ B n (τ (l + 1)(l + 2) . . . k), we define σ = Φ k−l (π) to be the permutation obtained from π by barring all elements π i having a (k − l)-right-to-left maximum to their right which is greater than |π i |. (This applies for an unbarred element π i if and only if π i is an r-right-to-left maximum with r > k − l.) Why does the map leave all (k − l)-right-to-left maxima fixed? Let a be any (k − l)-right-to-left maximum of π. Then all elements following a whose absolute value is greater than a are left unchanged under Φ k−l because the (k − l)-right-to-left maxima decrease. Thus, by construction, a is also a (k − l)-right-to-left maximum of σ. (By similar reasoning, it can be shown that all the r-right-to-left maxima for r ≤ k − l are preserved.) Since we have |π i | = |σ i | for all i and all the (k − l)-right-to-left maxima are preserved, Φ k−l is an involution and hence bijective. Why does σ avoid the patternτ (l +1)(l +2) . . . k? We consider the (k −l)-right-to-left maximum a of π again. Note that an increasing unbarred subsequence of length k − l starts in a. Consequently, there is no subsequence π i 1 , . . . , π i l of elements preceding a with |π i j | < a for all j which is order-isomorphic to τ . By applying Φ k−l , the element a is unchanged while all elements with an absolute value smaller than a to the left of a are barred. Therefore there is no subsequence σ i 1 , . . . , σ i l formed of these elements which is order-isomorphic toτ . Why is σ an involution whenever π is it? By construction, Φ k−l has an effect on the sign but not on the position of the elements. Let π i = j. (Clearly, π i and π j have the same sign since π is an involution.) If there is a (k − l)-right-to-left maximum a to the right of π i with a > |π i | then the element b = π −1 a is a (k − l)-right-to-left maximum to the right of π j satisfying b > |π j |. Thus Φ k−l changes the sign of π i if and only if it does so for π j .
Example 2.2. Let π = 25631084179 ∈ B 10 again and k −l = 2. The following figure shows the effect of Φ 2 . We use the usual array representation of permutations with an additional colouring to make a distinction regarding the element sign. Barred elements are represented by black points while unbarred elements are represented by white points. The 2-right-to-left maxima are bordered. All the elements (points) which have to change their sign (colour) are contained in the grey region (the union of the south-west regions of all 2-right-to-left maxima).
Φ 2
We obtain σ =2 5 63 108 4 1 79 ∈ B 10 which has the same 2-right-to-left maxima as π. Proof. Let l be the maximal integer with τ l =l. We may assume that l < k; otherwise we considerτ which is trivially Wilf equivalent to τ . By Theorem 2.1, the patterns τ 1 . . . τ l (l + 1)(l + 2) . . . k andτ 1 . . .τ l (l + 1)(l + 2) . . . k are Wilf equivalent (also when considering signed involutions only). Induction on l yields the assertion.
Our next result shows that barring the prefix of a pattern also yields an equivalent pattern if the monotone part is a decreasing sequence. This relation remains true when we consider the pattern-avoiding signed involutions only.
Proof. This proof closely follows that of Theorem 2.1, however the way in which we identify those elements whose sign will change differs slightly. Let π ∈ B n (τ k(k − 1) . . . (l + 1)) and define σ = Ψ k−l (π) to be the permutation obtained from π by changing the sign of all elements π i having (at least) k − l 1-right-to-left maxima to their right which are greater than |π i |. (In the graph of π, these are just the points (i, π i ) for which there is a decreasing sequence of k − l white points in the region north-east of (i, π i ).) By definition, there are no unbarred elements in the north-east of any 1-right-to-left maximum; thus these maxima are fixed under Ψ k−l (and hence also 1-right-to-left maxima of σ). Consequently, Ψ k−l (σ) = π and hence Ψ k−l is a bijection between B n (τ k(k − 1) . . . (l + 1)) and B n (τ k(k − 1) . . . (l + 1)). Obviously, σ avoidsτ k(k − 1) . . . (l + 1). If we suppose otherwise, then there exist a sequence a 1 a 2 . . . a k in σ that is order-isomorphic toτ k(k−1) . . . (l+1). (We may assume that a l+1 , . . . , a k are 1-right-to-left maxima of σ.) Since a l+1 > a l+2 > . . . > a k > |a i | for all i ∈ [l], we must haveā 1 . . .ā l a l+1 . . . a k in π, and this is an occurrence of τ k(k − 1) . . . (l + 1), which is false.
The proof remains true when ∼ is replaced by I ∼ since Ψ k−l maps signed involutions to signed involutions. The shaded region highlights the positions which are subject to sign-change. We obtain Ψ 3 (π) = 83 5 102 1 7 69 4 ∈ B 10 (12 5 4 3).
The third equivalence which we will use for the Wilf classification in the next sections is an immediate adjustment of a result for pattern of the symmetric group given by Backelin, West, and Xin [2] . They proved that the monotone suffix of any pattern can be reversed under Wilf equivalence. Bousquet-Mélou and Steingrímsson [3] showed that this equivalence is preserved when considering avoidance by involutions.
Theorem 2.6. For any pattern τ ∈ B l and k ≥ l, we have
where ∼ can be replaced by I ∼.
Classification of signed patterns of length three
There are 48 signed patterns of length three but by taking all symmetries in consideration, we can restrict our attention to the following six: Proof. Let π ∈ SI n (321) and ϕ be the map that changes the sign of all (necessarily barred) elements π i for which there are unbarred elements π j and π k with j < i < k and π j > |π i | > π k . (Therefore, π i is the middle element of an occurrence of 321 in π.) Obviously, ϕ(π) is a 321avoiding involution. Note that jik is an occurrence of 321 whenever π j π i π k is it. It is clear that ϕ 2 (π) = π and ϕ is therefore a bijection.
Using the same bijection, we can generalize the result as follows. Proof. The case s = 1 is proved by the bijection ϕ established in the previous proof. (Note that the elements π i need not be barred now.) Clearly, π ∈ SI n avoids (k + 2) τ 1 if and only if ϕ(π) avoids (k + 2)τ 1. Induction on s yields the assertion. The computation of the initial terms of the sequences (|SI n (τ )|) n≥0 for the remaining six patterns shows that there are no further equivalences. The study of the patterns in S 4 showed that they can be partitioned into only three Wilf classes, namely those of 1234, 1324, and 2314. These equivalences are, of course, also valid in Proof. Let π ∈ B n (2143). Define ψ to be the map that changes the sign of all elements π i for which there is a sequence π j π k to the right of π i with |π i | < |π k | < |π j | and π j < 0 < π k . (That means, π i is the first element of an occurrence of 132 or132 in π.) Obviously, ψ(π) avoids 2143 since the first two elements of any occurrence of 2143 would be elements whose sign was changed by ψ and hence π would contain the pattern2143. Clearly, ψ 2 (π) = π and hence ψ is bijective. Table 3 lists the initial terms of the sequences (|B n (τ )|) n≥0 for the fourteen patterns τ ∈ B 4 which remain. For n = 7, they are all different; hence the classification is done. Now we turn our attention to comparing the four letter patterns regarding their avoidance by signed involutions. Taking all symmetries for involutions into consideration, we obtain 78 classes. All the equivalences which we have obtained in the general case, apart from that one between 2314 and 2413 (given by Stankova [9] ), are based on Theorem 2.1, 2.4, and 2.6. Therefore they are still valid. By computation, we will see that the equivalence of 2314 and 2413 gets lost for the involution case. So we may concentrate on the remaining cases: 1234, 1324, 1324,2134,2143, 2143, 2314,2314, 2314, 2314, 2413,2413,2413, 2413, 3214, 3214; 2413,2413, 3412,3412,3412,3412, 3412, 4123,4123, 4123, 4123,4123,4123, 4213, 4213, 4213, 4213,4213,4213, 4213,4213, 4231,4231, 4231,4231, 4231, 4312,4312, 4312, 4312,4312,4312, 4321,4321, 4321,4321,4321, 4321. The patterns in the latter part represent classes arising when we only consider symmetries of involutions and have to been studied individually now. Using a result of Guibert [5] , we have 1234 Table 4 shows. We obtain here fifty Wilf classes. Note that the numbers |SI n (2143)| and |SI n (2143)| coincide for n ≤ 9. This behaviour is quite exceptional; all the other patterns disclose their nonequivalence for shorter involutions. Table 4 . Wilf classes of B 4 (avoidance by SI n )
Final remarks
The application of all our results and the known Wilf classification of S 5 to suited representatives of the symmetry classes of signed patterns of length 5 yields 137 patterns whose (non)equivalence have to been proved. By computer checks up to n = 8, it can be shown that these patterns form at least 58 different Wilf classes. It may be the case that the actual number of classes is much greater. By way of comparison, Table 5 lists the number of symmetry and Wilf classes in B k and S k for k ≤ 5, respectively: 
